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Abstract 



^ • We introduce another new type of combinations of Bernstein operators in this paper, 

Ft ! which can be used to approximate the functions with inner singularities. The direct and 

inverse results of the weighted approximation of this new type of combinations are obtained. 
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CnI ■ 1 Introduction 

C^^ ' The set of all continuous functions, defined on the interval I, is denoted by C{I). For any 



/ E C{[0, 1]), the corresponding Bernstein operators are defined as follows: 



C^ ' where 



Bn{f,x) := y]/(-)p„,fe(2:), 



n\ I,,, -n-k 



PnAx):= (^)x'^(l-x)"-^ fe = 0,l,2,...,n, xG [0,1]. 



Approximation properties of Bernstein operators have been studied very well (see [2], [3], 
[S]-[H], |13j-|15j. for example). In order to approximate the functions with singularities, Delia 
Vecchia et al. [3] and Yu-Zhao [13] introduced some kinds of modified Bernstein operators. 
Throughout the paper, C denotes a positive constant independent of n and x, which may be 
different in different cases. 

Let w{x) = \x- CI"*, < C < 1, a > and C^D := {/ G C([0, l]\0 ■ 1™ {wf){x) = 0}. The 

X — >i 

norm in Cyj is defined as ||/||c^ij := \\wf\\ = sup \{wf){x)\. Define 

W^;,A := {f^C^-- f^'-'^ G A.C.iiO, 1)), llw'^V^^^II < oo}. 
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For / € Ctu, define the weighted modulus of smoothness by 



t-.. 



u;l,xif,t)u, := sup {\\wAl xf\\[ieh2,i-ieh2] + ||wA^/||[o,i6h2] + Ww^UWii^wh'^,!]}, 

0<h^t 



where 



K^Ji^ 



fc=0 ^ ^ 

^^h/(^) = ^(-l)'^(^)/(x + (r-A;)/i), 

u—n ^ ^ 



and v?(x) = \/x{l — x). On the other hand, since the Bernstein polynomials cannot be used 
for the investigation of higher orders of smoothness, Butzer [1] introduced the combinations 
of Bernstein polynomials which have higher orders of approximation. Ditzian and Totik [5] 
extended this method of combinations and defined the following combinations of Bernstein 
operators: 



r-l 



Bn,rif,x):=Y,Ci{n)Bn,{f,x). 



j=0 



With the conditions 

(a) n = no < ni < • • • < n.r_i ^ Cn, 

{h)EZ'n\a{n)\^C, 

(c)E:=c!a(n) = i, 

(d)EI=oC7i(nK"' = 0, forfc = l,•• 



,r-l. 



2 The main results 

For any positive integer r, we consider the determinant 

1 1 1 

2r + 1 2r + 2 2r + 3 

(2r) (2r + 1) (2r + 1) (2r + 2) (2r + 2) (2r + 3) 



-/i'T' . - 



2---(2r + l) 3---(2r + 2) 4---(2r + 3) 



1 

4r + 1 

(4r)(4r + 1) 

(2r + 2) • • • (4r + 1^ 



We obtain A^ = Y\j=2^^-- Thus, there is a unique solution for the system of nonhomogeneous 
linear equations: 

ai + a2 + ■ ■ 

(2r + l)ai + (2r + 2)a2 + •• 

(2r + l)(2r)ai + (2r + l)(2r + 2)a2 + •• 



+ 


a2r+l 


= 1, 


+ 


(4r + l)a2r+i 


= 0, 


+ 


(4r)(4r + l)a2r+i 


= 0,(2.1 



(2r + l)!ai + 3---(2r + 2)a2 + 
Let 



+ (2r + 2) • • • (4r + l)a2r+i 



aiX^'-+^ + 02x2*^+2 + • • • + a2r.+lX^^+\ 

V'(x) = <; 0, 



< X < 1, 

x^O, 

X = 1. 



with the coefficients ai, 02, ••• , a2r+i satisfying (|2.ip . From (j2.ip . we see that ■(/'(x) G 
C(2'")(-oo,+oo), ^ tpix) ^ 1 for ^ X ^ 1. Moreover, it holds that ^(1) = 1, V'^*''(0) = 



0, i = 0,l,--- ,2r and V^^Hl) = 0, i = 1,2,--- ,2r. 
Let 



r+l 



and 



li{x) :-- 






H{f,x):=Y,f{x^)k{x), 

i=l 

_ [^^_((^_i)/2 + i)] 



i = 1,2, •••r+l. 



n 



•i " -*-?'"? 



Further, let 



and 



[ni-2^ , [<-V^ / [< + ^/n] , [< + 2^ 



n 



") -^2 



n 



"' -^3 



n 



X4 



n 



Mx) = V'(^^^), v;2(x) = ^(^^^). 



^2 -^1 



X4 X3 



Set 



We have 



F„(/,:r) := F^x) = /(x)(l - M^) + M^)) + Mx)i^ " Mx))H{x). 



Fnif,x) = { 



' f{x), _ _ X G [0,Xr_5/2]U [Xr+3/2,1], 

f{x){l-ll^l{x))+1pl{x)H{x), xe [Xr-5/2,Xr-3/2], 

H{x), _ _ X e[Xr-3/2,Xr+l/2], 

^ H{x){l - ^"2(2;)) + ^2(2;)/(x), X G [Xr+l/2, Xr+3/2]- 



Obviously, Fn{f, x) is linear, reproduces polynomials of degree r, and Fn{f, x) G C^^'^'{[0, 1]), 
provided that / G C"''^([0, 1]). Now, we can define our new combinations of Bernstein oper- 
ators as follows: 



r-l 



Bn,r{f,x) := Bn,r{Fn,x) = ^ Q(n)B„^ (F„, x). 



(2.2) 



1=0 



where Ci{n) satisfy the conditions (a)-(d). Our main result is the following: 

Theorem. For f G C^, ^ A ^ 1, < ^ < 1, a > 0, < ao < r, we have 

u;(x)|/(x)-^„,,_i(/,x)| = 0((n-^^-^(x)5„(x)r)^^a.;.(/,t)^ = 0(r"). 



3 Lemmas 

Lemma l.(t3j) If'yeR, then 

n 



k=0 



(3.1) 



Lemma 2.{^) Let Anix) := id{x) Y^ pn,k{x). Then An{x) ^ Cn-'^l'^ for Q < ^ < I 
and a > 0. 



Lemma 3. For any a>0, O^A^l, /G Cw, we have 

\\wB^:l_,{f)\\^Cn^\\wf\\. 



(3.2) 



Proof. We first prove x E [0, ;^) (The same as x € (1 — ^, 1]), now 

i=0 ^ * ^ fc=0 

r— 2 rii— r , 

^ Cw{x)Tnl V 1^^ F„(_)|p„^_ ,(x) 

r— 2 rii— r r , 

^ Cw;(x) ^n[ ^ ^ |F„( )K^_^,fc(x) 

i=0 fc=0 jr=0 * 

r— 2 r 

^ Cw(x)^n[^|F„(— — )|p„^_^,o(a;) 
i=o j=o * 

r-2 r 

+Ctj)(x) X] '^i' X] l-^"( ' )\pn,-r,n,-r{x) 



n, 



We have 



i=0 j=0 

r— 2 nj— 1 — 1 r , 

+C'U)(x)^< Y^ Y\Fn{ )\pn,~r,k{x) 

i=0 fc=l j=0 * 

HI + H2 + H3. 



r—2 r 

,r - J, 



Hi ^ C7«)(x)V<V|F„( ^)K.-r,o(^) 

< gnniu)/iig^( ^"j":f r(i-xr- 

i=0 jr=0 -^ *^ 

r-2 

< Cnn|u;/||j;(n,|x-eir(l-xr'-'- 

j=0 

^ Cn'-\\wf\\. 
Similarly, we can get H2 ^ Cn*" ||u;/||, and H^ ^ Cn^ ||i(;/||. 
When X G [-, 1 — -], according to [S], we have 

= |tD(x)<J„,(F„,x)| 

= u)(x)(^2(x)rX^Q,(x,n.)|C.(n)|ni ^^ |(^ _ ^ y ||F„(^ )|p„^^,(^) 

+^(x)(y.2(^))-^^Q.(^,n,)|Q(n)|ni- ^ |(^ _ ^^y||^(^p|p„^^,(^) 

i=0 j=0 x'2^fc/n,^x^ 



Ol + (T2. 



«)(a;) 



Where A := [0,xy U [x'3, 1], ii' is a linear function. If f . G ^, when ^|g ^ C(l + n • ^ |/c 



njx|°), we have |A;— rij^l ^ -^^j also (5j(x,nj) = (nix(l— x))^ 2 ', and ((/9^(x)) ^Qj{x,ni)n-l ^ 



'•+J 



cK/(^^(x))^. 



By dM]), then 

r— 2 r Ui . 

By a simple calculation, we have Ii ^ Cn^||u)/||. By ()3.ip . then 



r— 2 r 



-(f+i), ^i ^l 



We note that \H{^J\ ^ max{\H{x[)\, \H{x'J\) := H{a). 

If X G [x']^,X4], we have w{x) ^ 'w{a). So, if x G [x']^,X4], then 

(72 ^ Cn''w{a)H{a) ^ Cn''\\wf\\. 

If X ^ [x'^, X4], then 'w{a) > n- ^ , by lemma 2, we have 

r-2 

V"^ r+— \~^ 

(T2^Cw{a)H{a)w{x)2_^n^ ^ ^^ pn^^k{x) ^Crf\\wf\\. 

i=0 x'^^k/rti^x'^ 

It follows from combining the above inequalities that the lemma is proved. D 

Lemma 4. ([9]) For any a>0, O^A^l, /G Cu,, we have 

\\wB^,r-i{f)\\^C\\wf\\. (3.3) 

Lemma 5. ([16J) // (/?(x) = y'xil-x), O^A^l, O^^^l, a>0, i/ien 

/ J,., ••7 J(.) V^-^'^(- + E-^)^-i---^-^ ^ C/.>KA-.)(^). (3.4) 

"^ 2 — -' 2 — fc=i 

Lemma 6. For any r £ N, / G W^ ^, ^ A ^ 1, a > 0, we have 

||^x)y?^^F^'')|| ^ C||u)c^'-^/M||. (3.5) 

Proof. We first prove x G [a;.r_5/2)a;r_3/2] (The same as the others), we have 

\w{x)ip'\x)Fl{\x)\ ^ |u)(x)v9-^(x)/«(x)| + |«)(x)v9'-^(x)(/(x) - F„(x))«| 
:= /1 + /2. 

Obviously 

For I2, we have 

r 

I2 = u)(x)(^'-\x)|(/(x) - F„(x))«| = w{x)v'-\x)Y,n^{f{x) - F„(x))(^-^)|. 

i=0 



By [S], we have 

|(/(x) - Fn(x))(^-^)|[.^_,/,,.^_3/,] ^ C{n^-^y^f - //||k_5/...-3/.] + ^-^/'ll/^^^ll[.._5/..v-3/.] 
So 

:= T1+T2. 
By Taylor expansion, we have 






(3.6) 



n=0 

It fohows from (j3.6p and the identity 



E<?i(x) = Cx^, v = 0,l,--- ,r. 



we have 



r « r 

= /(x) + cE/^"^(^)(E^-'(-^)""'E<^^(^)) 
+ (^r^ E ^'(^) £'(^^ - sr-'f^'Hs)ds, 

which imphes that 

wix)^^\x)ifix) - Hif,x)) = ^-^ujix)ip'\x)J2Hx) r\x, - sY-'f^'\s)ds, 

V )■ i^i Jx 

since \li{x)\ ^ C for x G [x^-5/2, ^7^-3/2], « = 1, 2, • • • , r. It follows from '""'T^"]^ ^ w{x) ' 
s between Xj and x, then 

^(X)V9^^(X)|/(X)-F(/,X)| ^ Cw{x)ip^\x)J2 ^\x^-Sr-'\f^''\s)\ds 

i=l -^^ 

TV 1'^ 

So 

Then, the lemma is proved. D 

Lemma 7. For any g G W^ ;^, ^ A ^ 1, q > 0, we ftai'e 

w{x)\g{x)-H{g,x)\ ^ C{ ^^f n iw^V^II- (3.7) 

Vn(^"^(xj 



Proof. By Taylor expansion, we have 

r-l 



fix.) = ^ i^^i-^/(")(.) + j-^ r\x, - sY-'f(^Hs)ds, 

,,_n ' V /• Jx 



u=0 

It follows from the above equality and the identity 



Y^Xikix) = Cx\ t> = 0,l,--- ,r. 

we have 

Hif,x) = Y.Y.^l-^f^-){x)k{x) + j-^Y.k{x) (x.-sY-'f(^\s)ds 

r u r 

u=l v=0 i=l 

+ (7^ E ^^(^) £'(^^ - sr'f^''\s)ds, 

which implies that 

w{x){g{x) - H{g,x)) = — -u)(x) V /i(x) / [x. - sY'^g'^''\s)ds, 

[r-iy- ^ Jx 

since |^i(a;)| ^ C for a; G K_5/2, 2:^-3/2], « = 1,2, • • • ,r. It follows from '"^'"^j^ ^ '""'^^j) 
s between x,- and x, then 



<7(x)-F(5,x)| ^ Cw{x)J2 ^\^^-^^'\9'^''\s)\ds 

i=i -^^ 

^ C\\wip''^g^''^\Y,ixi - xy-'^ r\-''^{s)ds 

^ ^ V l2;j _ ;)^ ( \ Y^/ \r-l / ' -r I NT 



yJuLp^yx) 
Lemma 8. IfreN, ^ A ^ 1, / G W^ ;^, a > 0, we have 

\wixW\x)B^;}.^,if,x)\ ^ CWw^^'^f^^^l (3.8) 



Proof. It follows from -/\ ^ -/\ , u between t and x, let t = 0, we have 

— >■ - k f 2nj f 2nj _/ n 7-/l 

n[|A^F„(— )| = </ ••• / F^''>{x + — + ui + --- + Ur)dui---dur 
rii J--L. 7--!- 2 

^ C<||«)^'^^4")|| /'"' ■■■ f'"'^ W-\x + ^+Ui + ---+Ur). 



2n,- 2rii 



(/9 ^ (xH hWl + ---+ Ur)dui • • • dUr 



c^ii^d^'^^fM 



2u,- / 2n, (X + V + "Ul + • • • + ^tr 






~—rX(m !_ '^'h 



r aUl • • • dUr 

{x + ^+Ui + ---+Ur) 

tf(x) y_ 1 y_ 1 2 

2nj 2nj 

[1 — (x + — + Ui + . . . + Ur)]~~dui . . . dUr 



^ Cw~\x)ip-'^{x)\\wip'^FJ,''^\ 



By [5], we have 



r— 2 , rii—r 



i=0 *^ * ^ A:=0 

Obviously 

Lemma 9. IfrGN, ^ A ^ 1, / € Ct^, a > 0, we /lai'e 

Proof. Case i. If ^ ip{x) ^ -^, by ([32]), we have 

\wix)^^\x)B^:l_,if,x)\ ^ Cn-^^/^\w{x)Bl:l_,if,x)\ ^ Cn'^^-'^/'^\\wf\\. 
Case 2. If ip{x) > -^, we have 

r-2 r "'^ h h 

j=0 j=0 it=0 

where 

Qj{x,ni) = {nix{l - x))^^\ and {Lp'^{x)yQj{x,ni)nl < C(nj/(/?2(x))^~. 



So 

^ cwixw\x) y: e(^)'^ e k- - - )^'^«(- )\pnM^) 

= Cwix)^^\x{'£J2(^0'^ E \{x--y\\Fn{-)\Pn.M^) 

+Cu;(x)v.^\x)X:E(^)'*' E K^-- )^II^(- )K.;^(^) 

:= 0-1 + 0-2. 

Where A := [0, X2]U [2:3, 1]. Working as lemma 3, we can easily get o"i ^ Cn2c^^'('*'~^)(x)||t()/||, 
and (72 ^ Cn 2 (^''(-*'~^)(x)||'iD/ II . By bringing these facts together, the lemma is proved. D 

4 Proof of Theorem 

The direct theorem 

We know 

Fnit) = Fn{x) + F'^{t){t - x) + ■ ■ ■ + -^ ^ (i - uY-^F^'\u)du, (4.1) 

Bn,r-i{{- - x)\x) = 0, A; = 1, 2, • • • , r - 1. (4.2) 

According to the definition of W^ ^, for any g £ W^ ^^, we have Bn^r-iid, x) = Bn,r-i{Gnig) , x) , 
and w{x)\Gn{x) — Bn^r-iiGn,x)\ = w{x)\Bn^r-iiRriGn,t,x),x)\, thereof Rr{Gn,t,x) = 
f^{t - uY-'G';:'\u)du.' 
It follows from ' ~-"^ s — < ' ~^} ■, — , u between t and x, we have 

w(u) ^ w(x) ' ' 

w{x)\Gn{x) - Bn,r-l{Gn,x)\ ^ C\\wip'^GP\\w{x)Bn,T-l{ l -/ x r\f ^ du,x) 

^ C||^V''-^GM||«)(x)(i?„.,_i( f^l^^^\du,x))i . 



{Bn,r-l(. _ ' du,x))2. (4.3) 



also 



*it-wr"^ „it-2;r /■*it-nr~i \t-xv 



dui^ C ^ . .'. , / _^,\ du^ _^ ' . (4.4) 



By (HI]), ([13]) and ([O]), we have 

w;(x)|G'„(x) -i?,,,_i(G„,x)| ^ C||«)(^'-^GM||(^-'^^(x)i?„,,_i(|t-xr,x) 

ItD^j''' 



^ C7n-i^|lw^^G«| 






By (|377|) and (j43]) . when g E WT_;^, then 

u)(x)|5r(x) - Bn,r-iig,x)\ ^ 'u;(j;)|5(x) -G'„(5,x)| + tZ)(x)|G'„(g, j;) - Bn,r-i{g,x)\ 

For / € Ctu, we choose proper g G W^ ;^, by ()3.3p and (j4.6p . then 

^^(2^)1/(3;) --B„,r_i(/,x)| ^ '(D(x)|/(x) -5f(a;)| + w^(a:^)|-Bn,r-i(/ - 5,a^)l + 'u)(x)|5'(x) - S„,r_i(c/, a;)| 

< c(ii*,(/-rtii + (^|^)ni*,/V"ii) 

The inverse theorem 

We define the weighted main-part modulus for D = R^ by 

^JlA(C,/,t)^D = sup \\ivA: .f\\ich',oo], 

where C > 2i/'^(°)-\ /3(0) > 0, and h* is given by 

r (^r)i/i-/3(0)/ii/i-/3(0)^ ^ m < 1, 
I 0, /3(0) ^ 1. 

The main-part iC-functional is given by 

K,.^.if,fh= sup inf{||u;(/-5)||[ch*,oo]+tniw'V''^ll[Ch*,oo], ff^''-') € AC.((C7/i*,oo))}. 

By [5], we have 

C-ifi;.(/,t)^^u;;.(/,t)^^Cy ^ dr, (4.7) 

C-'K,^^.{f,f)^ ^ ni,if,t)^ ^ CK,^^xif,f)^. (4.8) 

Proof. Let (5 > 0, by (|4.8p . we choose proper g so that 

\\w{f-g)\\^Cn:^,if,5U, ||ti)^'^V^KCr^fi;.(/,<5)^. (4.9) 

then 

|«;(x)A;^./(x)| ^ \w{x)Al^,{f{x)-Bn,r-iif,x))\ + \w{x)K^xKr-iif-9,x)\ 

+ \tv{x)Al^xBn,r-l{g,x)\ 

^ j-Cl^^-^ Jn{x+{i-3)h^\x)) ^^^ 



i=o 



ip^{x + {^-j)hip>^{x))' 



+ / ^"^^^^ ■■■ J^^^^^ Mx)B^:l_,if -g,X + Y, Uk)du, ■■■dUr 
•^ 2 -^ 2 fc=l 

hv^(x) hv^(x) r 



2 2 fc=l 

Jl + J2 + J3. 



Obviously 

Ji ^ C{n-^2ip~^{x)6n{x))''°. (4.10) 

By ([32]) and (gS]), we have 



J2 ^ C7f\\w{f-g)\\j^ 



hv^{=,) 


..h.p^{x) 






2 


1 2 








• / . 


du\ ■ 


■ ■ du. 


h^^{x) 


/ hv^{x) 






2 


•' 2 







^ Crfh^ip^\x)\\w{f-g)\\ 

r 

By ([3^ . we let A = 1, and ([Ml) as well as (1491) . we have 



^ Cn'K^^^\xWAf,5)^. (4.11) 













..h^^ix) 


.hv^{x) 












f ^ 


f ^ 


J2 


^ 


Cn2\ 


Mf- 


-.)\\j 


2 


1 h^^ix) 



k=l 

^ Cn'^h^^''^^-'\x)\\wif-9)\\ 

^ CnihI-^<^-^\xWAf,5)^. (4.12) 



By dSSD and (gj]), we have 

/ h'f:-^{x) hip jx) J, J. 

• • • / w~^{x + V] Uk)<f~''^{x + V] Uk)dui ■■■dUr 

2 -^ 2 fc=l fc=l 

^ ChJ-5-'-ni^{f,5)^. (4.13) 

Now, by (f4T0]) . (lilTl) . (I4l^ and (I4l3l) . we get 

|«;(:r)A;;^,/(x)| < C{(n-^5„(x))"o + /i'^(n-^<5„(x))-^f^;.(/,5)^ + /i^r^O;,(/,5)^}. 
When 71 ^ 2, we have 

n~25n{x) < (n - l)"2(5„_^(x) ^ \/2n^ "i 5n{x) , 
Choosing proper x,n £ N, so that 

n~2S^(x) ^5 < (n- l)~26n-i{x), 
Therefore 

\wix)Al^.fix)\ ^ C{5-» +/i^r'-J7;.(/,5)^}. 
By Borens-Lorentz lemma, we get 

ni,if,t)^^Ce°. (4.14) 

So, by dHlD, we get 



<^lM,th ^ C / -^ dr = C / T^'^-^dT = Cro.D 

Jo 'T Jo 
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